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In this paper, we give explicit formulas for the number of cyclotomic orthomorphisms of
Fq of index 3, 4, 5, 6 for certain classes of prime powers q. We also give an explicit formula
for the number of cyclotomic mappings of index 2 that are strong complete mappings of
Fp for prime p.
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1. Introduction
For a prime power q, let γ be a generator of the multiplicative group F∗q: ⟨γ ⟩ = F∗q , and let q = km + 1. A cyclotomic
mapping of index k (for the primitive element γ ) is a map f : Fq → Fq defined by
f (x) =

0, x = 0
arx, x ∈ γ r⟨γ k⟩
for some a0, . . . , ak−1 ∈ Fq. One can check that if k divides l and l divides q− 1, then a cyclotomic mapping of index k is also
a cyclotomic mapping of index l.
For example, let q = 13 and k = 3, and note that γ = 2 is a primitive element in F13. For any a0, a1, a2 ∈ F13, the map
f : F13 → F13 defined by
f (x) =

0, x = 0
a0x, x ∈ {1, 5, 8, 12}
a1x, x ∈ {2, 3, 10, 11}
a2x, x ∈ {4, 6, 7, 9}
is a cyclotomic mapping of index 3.
An orthomorphism of Fq is amap f : Fq → Fq such that x → f (x) is a bijection and x → f (x)−x is a bijection. A cyclotomic
orthomorphism of index k (for the primitive element γ ) is a cyclotomic mapping of index k that is an orthomorphism. Let
C
q,γ
k be the set of cyclotomic orthomorphisms of index k for the primitive element γ of Fq.
Cyclotomic orthomorphisms are of interest because they constitute an explicit class of orthomorphisms of Fq. Cyclotomic
orthomorphisms have been used in the study of certain character sums [8] and in the study of Latin squares [9].
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A map f : Fq → Fq such that x → f (x), x → f (x) − x, x → f (x) + x are bijections is called a strong complete mapping
of Fq (see [6, p. 349]). Let S
q,γ
k be the set of cyclotomic mappings of index k for the primitive element γ that are strong
complete mappings. A toroidal n-queens solution is a placement of n nonattacking queens on an n × n chessboard where
opposite edges are identified. One can check that a toroidal n-queens solution corresponds to a map f : Z/n → Z/n such
that x → f (x), x → f (x)− x, x → f (x)+ x are bijections [2]. Thus for prime p, strong complete mappings of Fp correspond
to toroidal p-queens solutions.
In this paper, we determine |C q,γk | for k = 3, 4, 5, 6 for certain classes of prime powers q, and we determine |S p,γ2 | for
prime p.
2. Preliminaries
For q ≡ 1 (mod k), the cyclotomic numbers of order k (for the primitive element γ ∈ Fq) are defined as follows:
C(r, s)q,γk = |{a ∈ Fq : a ∈ γ r⟨γ k⟩ and a+ 1 ∈ γ s⟨γ k⟩}|.
For example, C(0, 0)q,γk is the number of pairs of consecutive nonzero kth powers in Fq, and C(0, 0)
q,γ
k does not depend on
γ .
We are concerned in this paper with determining |C q,γk |, and we shall use the following formula that expresses |C q,γk | in
terms of the cyclotomic numbers of order k [5, p. 42, Theorem 3.11]:
|C q,γk | =

(σ ,τ )∈S{0,...,k−1}×S{0,...,k−1}
k−1
i=0
C(σ (i)− i, τ (i)− i)q,γk , (1)
where S{0,...,k−1} is the set of permutations of {0, . . . , k− 1}; that is, the sum is over the set of ordered pairs of permutations
of {0, . . . , k− 1}. We remark that C(r, s)q,γk is k-periodic in r and k-periodic in s.
Using formulas for the cyclotomic numbers of order 2 one can calculate |C q,γ2 | [5, p. 42].
Theorem 1. If q is an odd prime power then
|C q,γ2 | =
q2 − 4q+ 7
4
.
For q ≡ 1 (mod k), the cyclotomic numbers of order k can be expressed in terms of a sum of k2 Jacobi sums [3, p. 365,
Eq. (11.6.5)]:
k2C(a, b)q,γk =
k−1
u=0
k−1
v=0
(χ(−1))uJ∗(χu, χv)β−au−bv,
where χ is a character of F∗q of order k, β = e
2π i
k , and γ ∈ Fq is a primitive element such that χ(γ ) = β . It is clear that |(χ
(−1))uβ−au−bv| = 1 for all u, v. One of these Jacobi sums is equal to q−2, and each other has absolute value≤ √q. Therefore
we have
|k2C(r, s)q,γk − (q− 2)| ≤ (k2 − 1)
√
q.
The following theorem follows from (1) and the above inequality, and seems not to have been pointed out before.
Theorem 2. For all k there is some C(k) such that for all q ≡ 1 (mod k) we have|C q,γk | − (k!)2qkk2k
 ≤ C(k)qk− 12 .
3. Cyclotomic orthomorphisms of index 3
The cyclotomic numbers of order 3 have simple enough expressions that we can get a usable formula for |C p,γ3 |. For prime
p ≡ 1 (mod 3), it follows from [3, p. 71] that the cyclotomic numbers of order 3 satisfy the following:
C(0, 0)p,γ3 = A,
C(0, 1)p,γ3 = C(1, 0)p,γ3 = C(2, 2)p,γ3 = B,
C(0, 2)p,γ3 = C(1, 1)p,γ3 = C(2, 0)p,γ3 = C,
C(1, 2)p,γ3 = C(2, 1)p,γ3 = D,
(2)
for some nonnegative integers A, B, C,D.
Using (1) and (2) we obtain the following known expression for |C p,γ3 | [5, p. 43].
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Theorem 3. If p ≡ 1 (mod 3) then
|C p,γ3 | = A3 + 3B3 + 9ABC + 3C3 + 18BCD+ 2D3.
Theorem 3 simplifies the general formula (1) because there are four values (2) for the nine cyclotomic numbers of order
3. However for cyclotomic numbers of higher order there are more values for the cyclotomic numbers, and while we can
indeed simplify (1) (since there are less than k2 values for the k2 cyclotomic numbers of order k), expressions like that given
in Theorem 3 become unwieldy.
[3, p. 74, Theorem 2.3.1] shows that the numbers A, B, C,D in (2) are given by
9A = p+ r3 − 8, 18B = 2p− r3 + 3s3 − 4, 18C = 2p− r3 − 3s3 − 4, 9D = p+ r3 + 1,
where r3 and s3 are the unique integers satisfying
4p = r23 + 3s23, r3 ≡ 1 (mod 3), s3 ≡ 0(mod 3),
3s3 ≡ (γ (p−1)/3 − γ 2(p−1)/3)r3 (mod p).
For example for p = 13, take γ = 2. We find that r3 = −5 and s3 = −3, and thus A = 0, B = 1, C = 2,D = 1, giving
|C 13,23 | = 65.
To calculate |C p,γ3 | using Theorem 3 we need to determine the representation of 4p as a quadratic form. For certain
q = pα, α > 1, we can get a simpler formula for |C q,γ3 |.
Let l be an odd prime, let f be the order of p in the multiplicative group F∗l , and let s ≥ 1. If f is even, q = pfs, and q ≡
1 (mod l), then [1] gives formulas for the cyclotomic numbers of order l that involve only q, l and s. As well, for q ≡
1 (mod 2l), they give formulas for the cyclotomic numbers of order 2l, which we use later in this paper.
If f is even, s ≥ 1, and q = pfs ≡ 1 (mod l), then [1, p. 299, Theorem 4] gives the following formulas for the cyclotomic
numbers of order l:
l2C(0, 0)q,γl = q− 3l+ 1− (l− 1)(l− 2)(−1)sq1/2,
l2C(0, j)q,γl = q− l+ 1+ (l− 2)(−1)sq1/2, j ≢ 0(mod l),
l2C(j, 0)q,γl = q− l+ 1+ (l− 2)(−1)sq1/2, j ≢ 0(mod l), (3)
l2C(j, j)q,γl = q− l+ 1+ (l− 2)(−1)sq1/2, j ≢ 0(mod l),
l2C(i, j)q,γl = q+ 1− 2(−1)sq1/2, i, j, i− j ≢ 0(mod l).
We know from Theorem 2 that |C q,γ3 | = 4q
3
81 + O(q
5
2 ). In the following theorem we compute |C q,γ3 | for p ≡ 2 (mod 3)
and q = p2s ≡ 1 (mod 3) using (1) and (3). (A prime p has even order in F∗3 if and only if p ≡ 2 (mod 3). If p ≡ 2 (mod 3)
then f = 2.)
Theorem 4. If p ≡ 2 (mod 3) and q = p2s ≡ 1 (mod 3), then
|C q,γ3 | =
4q3 − 27q2 − 8(−1)sq3/2 + 72q− 36(−1)s√q− 86
81
.
For example, for p = 2 and s = 2 the above theorem yields |C 16,γ3 | = 122, which agrees with [5, p. 43, Example 3.12].
4. Cyclotomic orthomorphisms of index 4
Let p ≡ 1 (mod 4). [3, p. 74] determines the cyclotomic numbers of order 4, depending on whether p ≡ 1(mod 8) or
p ≡ 5 (mod 8). If p ≡ 1 (mod 8) then
C(0, 0)p,γ4 = A,
C(0, 1)p,γ4 = C(1, 0)p,γ4 = C(3, 3)p,γ4 = B,
C(0, 2)p,γ4 = C(2, 0)p,γ4 = C(2, 2)p,γ4 = C,
C(0, 3)p,γ4 = C(3, 0)p,γ4 = C(1, 1)p,γ4 = D,
C(1, 2)p,γ4 = C(1, 3)p,γ4 = C(2, 1)p,γ4 = C(2, 3)p,γ4 = C(3, 1)p,γ4 = C(3, 2)p,γ4 = E,
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for some nonnegative integers A, B, C,D, E. If p ≡ 5 (mod 8) then
C(0, 0)p,γ4 = C(2, 0)p,γ4 = C(2, 2)p,γ4 = A,
C(0, 1)p,γ4 = C(1, 3)p,γ4 = C(3, 2)p,γ4 = B,
C(0, 2)p,γ4 = C,
C(0, 3)p,γ4 = C(1, 2)p,γ4 = C(3, 1)p,γ4 = D,
C(1, 0)p,γ4 = C(1, 1)p,γ4 = C(2, 1)p,γ4 = C(2, 3)p,γ4 = C(3, 0)p,γ4 = C(3, 3)p,γ4 = E,
for some nonnegative integers A, B, C,D, E.
If p ≡ 1 (mod 8), [3, p. 78, Theorem 2.4.1] shows that A, B, C,D, E are given by
16A = p+ 6a4 − 11,
16B = p− 2a4 + 4b4 − 3,
16C = p− 2a4 − 3, (4)
16D = p− 2a4 − 4b4 − 3,
16E = p+ 2a4 + 1,
where a4, b4 are uniquely determined by
p = a24 + b24, a4 ≡ 3 (mod 4), b4 ≡ γ (p−1)/4a4 (mod p). (5)
If p ≡ 5 (mod 8), [3, p. 78, Theorem 2.4.1] shows that A, B, C,D, E are given by
16A = p+ 2a4 − 7,
16B = p+ 2a4 + 4b4 + 1,
16C = p− 6a4 + 1, (6)
16D = p+ 2a4 − 4b4 + 1,
16E = p− 2a4 − 3,
where a4, b4 are uniquely determined by
p = a24 + b24, a4 ≡ 1 (mod 4), b4 ≡ γ (p−1)/4a4 (mod p). (7)
We know from Theorem 2 that |C p,γ4 | = 9p
4
1024 + O(p
7
2 ). Using (1), (4) and (6) we compute the following.
Theorem 5. If p ≡ 1 (mod 8), then
|C p,γ4 | =
9
1024
p4 − 21
256
p3 + 486+ 16a4
1024
p2 + −564− 32a4 − 480b
2
4 − 64a4b24
1024
p
+ 537− 624a4 − 96b
2
4 + 704a4b24 + 432b44
1024
,
where a4, b4 are uniquely determined by (5).
If p ≡ 5 (mod 8), then
|C p,γ4 | =
9
1024
p4 − 21
256
p3 + 390− 16a4
1024
p2 + −116+ 32a4 − 480b
2
4 + 64a4b24
1024
p
+ 697− 144a4 − 480b
2
4 + 448a4b24 + 432b44
1024
,
where a4, b4 are uniquely determined by (7).
5. Cyclotomic orthomorphisms of index 5
We know from Theorem 2 that |C q,γ5 | = 576q
5
390 625 + O(q
9
2 ). In the following theorem we compute |C q,γ5 | for p ≡ 2, 3, 4
(mod 5) and q ≡ pfs ≡ 1 (mod 5) using (1) and (3). (The elements of F∗5 with even order are 2, 3, which have order 4, and
4, which has order 2.)
Theorem 6. Let p ≡ 2, 3, 4 (mod 5). If p ≡ 2, 3 (mod 5) then put f = 4, and if p ≡ 4 (mod 5) then put f = 2. Let s ≥ 1 and
let q = pfs. If q ≡ 1 (mod 5), then
|C q,γ5 | =
1
390 625

576q5 − 6840q4 − 1600(−1)sq7/2 + 44 385q3 − 41 072(−1)sq5/2
− 205 950q2 + 29 240(−1)sq3/2 + 76 500q− 198 960(−1)s√q− 86 904

.
298 J. Bell / Discrete Applied Mathematics 161 (2013) 294–300
6. Cyclotomic orthomorphisms of index 6
Let p be prime, let l be an odd prime, and let f be the order of p ∈ F∗l . If f is even, s ≥ 1, and q = pfs ≡ 1 (mod 2l), then
[1, p. 302, Theorem 5] gives the following formulas for the cyclotomic numbers of order 2l:
4l2C(0, 0)q,γ2l = q− 6l+ 1− (4l2 − 6l+ 2)(−1)sq1/2,
4l2C(0, j)q,γ2l = q− 2l+ 1+ 2(l− 1)(−1)sq1/2, j ≢ 0(mod 2l),
4l2C(j, 0)q,γ2l = q− 2l+ 1+ 2(l− 1)(−1)sq1/2, j ≢ 0(mod 2l), (8)
4l2C(j, j)q,γ2l = q− 2l+ 1+ 2(l− 1)(−1)sq1/2, j ≢ 0(mod 2l),
4l2C(i, j)q,γ2l = q+ 1− 2(−1)sq1/2, i, j, i− j ≢ 0(mod 2l).
We know from Theorem 2 that |C q,γ6 | = 25q
6
104 976 +O(q
11
2 ). In the following theoremwe compute |C q,γ6 | for p ≡ 2(mod 3)
and q = p2s ≡ 1 (mod 6) using (1) and (8).
Theorem 7. If p ≡ 2 (mod 3) and q = p2s ≡ 1 (mod 6), then
|C q,γ6 | =
1
104 976

25q6 − 360q5 − 100(−1)sq9/2 + 2835q4 − 216(−1)sq7/2
− 3360q3 + 25 272(−1)sq5/2 + 47 115q2 − 12 520(−1)sq3/2 + 3240q+ 34 380(−1)s√q+ 8665

.
7. Strong complete mappings
We define Q p = Q p,γ by
Q p,γ (r, s, t) = |{a ∈ Fp : a− 1 ∈ γ r⟨γ 2⟩, a ∈ γ s⟨γ 2⟩, a+ 1 ∈ γ t⟨γ 2⟩}|.
For primitive elements γ , γ ′ ∈ Fp we have γ ⟨γ 2⟩ = γ ′⟨γ ′2⟩; hence Q p,γ does not depend on γ . For example, Q p(0, 1, 0) is
the number of a ∈ Fp such that a− 1 is a nonzero square in Fp, a is a nonsquare in Fp, and a+ 1 is a nonzero square in Fp.
Let f : Fp → Fp be a cyclotomic mapping of index 2 defined by
f (x) =

0, x = 0
a0x, x ∈ ⟨γ 2⟩
a1x, x ∈ γ ⟨γ 2⟩.
The cyclotomic mapping f is a bijection if and only if a0, a1 ∈ ⟨γ 2⟩ or a0, a1 ∈ γ ⟨γ 2⟩. Thus x → f (x) − x is a bijection
if and only if a0 − 1, a1 − 1 ∈ ⟨γ 2⟩ or a0 − 1, a1 − 1 ∈ γ ⟨γ 2⟩, and x → f (x) + x is a bijection if and only if a0 + 1,
a1 + 1 ∈ ⟨γ 2⟩ or a0 + 1, a1 + 1 ∈ γ ⟨γ 2⟩. We recall that a strong complete mapping of Fp is a map f : Fp → Fp such that
x → f (x), x → f (x)− x, x → f (x)+ x are bijections. One can thus see that
|S p,γ2 | = Q p(0, 0, 0)2 + Q p(0, 0, 1)2 + Q p(0, 1, 0)2 + Q p(0, 1, 1)2
Q p(1, 0, 0)2 + Q p(1, 0, 1)2 + Q p(1, 1, 0)2 + Q p(1, 1, 1)2. (9)
We would like to get expressions for Q p(r, s, t). We define χp : Fp → {−1, 0, 1} by
χp(x) =
−1, if x is a nonsquare in Fp
0, x = 0
1, if x is a nonzero square in Fp.
We note that χp(xy) = χp(x)χp(y) for all x, y ∈ Fp.
Let p be an odd prime, let c be an integer not divisible by p, and let ϵ1, ϵ2, ϵ3 ∈ {−1, 1}. Using explicit evaluations of
Jacobsthal sums, [3, p. 197, Theorem 6.3.2] shows that the number of a ∈ Fp satisfying
χp(a) = ϵ1, χp(a+ c) = ϵ2, χp(a+ 2c) = ϵ3
is
1
8

p− 3− ϵ1χp(−c)− ϵ1χp(−2c)− ϵ2χp(c)− ϵ2χp(−c)− ϵ3χp(2c)− ϵ3χp(c)− ϵ1ϵ2
− ϵ1ϵ2χp(2)− ϵ1ϵ3 − ϵ1ϵ3χp(−1)− ϵ2ϵ3 − ϵ2ϵ3χp(2)+ ϵ1ϵ2ϵ3χp(c)(1+ χp(−1))a4

,
where a4 is determined by
p = a24 + b24 and a4 ≡ −χp(2)(mod 4); (10)
if p ≡ 3 (mod 4) there is no such a4 but then a4 is multiplied by 1+ χp(−1) = 0 in the above formula.
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We use quadratic reciprocity to determine χp(−1), χp(2) and χp(−2) for p ≡ 1, 3, 5, 7 (mod 8). If p ≡ 1 (mod 8) then
χp(−1) = 1, χp(2) = 1 and χp(−2) = 1, and we get
Q p(r, s, t) = 1
8

p− 3− 2(−1)r − 2(−1)s − 2(−1)t − 2(−1)r+s − 2(−1)r+t − 2(−1)s+t + 2(−1)r+s+ta4

.
If p ≡ 3 (mod 8) then χp(−1) = −1, χp(2) = −1 and χp(−2) = 1, and we get
Q p(r, s, t) = 1
8
(p− 3).
If p ≡ 5 (mod 8) then χp(−1) = 1, χp(2) = −1 and χp(−2) = −1, and we get
Q p(r, s, t) = 1
8

p− 3− 2(−1)s − 2(−1)r+t + 2(−1)r+s+ta4

.
Finally if p ≡ 7 (mod 8) then χp(−1) = −1, χp(2) = 1 and χp(−2) = −1, and we get
Q p(r, s, t) = 1
8

p− 3+ 2(−1)r − 2(−1)t − 2(−1)r+s − 2(−1)s+t

.
Now we use (9) and these formulas to find |S p,γ2 |. It is apparent from them that |S p,γ2 | = p
2
8 + O(p
3
2 ).
Theorem 8. Let a4 be determined by (10). If p ≡ 1 (mod 8) then
|S p,γ2 | =
p2 − 6p+ 4a24 + 33
8
,
if p ≡ 3 (mod 8) then
|S p,γ2 | =
p2 − 6p+ 9
8
,
if p ≡ 5 (mod 8) then
|S p,γ2 | =
p2 − 6p+ 4a2 + 17
8
,
and if p ≡ 7 (mod 8) then
|S p,γ2 | =
p2 − 6p+ 25
8
.
For example, take p = 13. We have χ13(2) = −1 and 13 = 4 + 9. It follows that a4 = 3, so |S 13,γ2 | = 13
2−6·13+4·32+17
8= 18.
Since 1 ≤ |a4| < √p, for p ≡ 1 (mod 8)we get
p2 − 6p+ 37
8
≤ |S p,γ2 | <
p2 − 2p+ 33
8
,
and for p ≡ 5 (mod 8)we get
p2 − 6p+ 21
8
≤ |S p,γ2 | <
p2 − 2p+ 17
8
.
8. Conclusion
We have given explicit formulas for the number of cyclotomic orthomorphisms of index k = 3, 4, 5, 6, for certain prime
powers q. For larger k one can continue to use the formulas (3) and (8) to count the number of cyclotomic orthomorphisms
of index k, although the fractions in the formulas one obtains can have large numerators and denominators. We know from
Theorem 2 that |C q,γ7 | = 518 400q
7
13 841 287 201 +O

q
13
2

. The elements in F∗7 of even order are 3, 5, which have order 6, and 6, which
has order 2. If p ≡ 3, 5 (mod 7) then put f = 6 and if p ≡ 6 (mod 7) then put f = 2. For s ≥ 1 and q = pfs, if q ≡ 1 (mod 7)
then we compute that
|C q,γ7 | =
518 400
13 841 287 201
q7 − 1 252 800
1 977 326 743
q6 − (−1)s 391 680
1 977 326 743
q11/2 + O(q5).
Let tn be the number of orthomorphisms of Z/n. [7, p. 276, Theorem 8] shows that for n ≥ 5 we have tn ≤ cnn!√n, for
c = 0.613543 . . . , while [4, p. 137, Theorem 1] shows that for sufficiently large n we have tn > (3.246)n. The latter result
shows us that most orthomorphisms of Fp are not cyclotomic orthomorphisms of any fixed index.
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